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Wavelets are mathematical functions which are used as a basis for writing down other complex functions in an
easy way. These cut up data into its frequency components and so that we can study each and every part with
more preciseness as it is scaled for our convenience. We may also term wavelets as a tool to decompose signals
and trend as a function of time. Wavelets are certainly used in place of the applications of Fourier Analysis as
wavelets give more freedom to work on. In this paper, a basic idea of wavelet is provided to a person who is
unknown with the idea of function approximation. Apart from pure mathematics areas, wavelets are highly
useful tool in analyzing a time series. Wavelets are used for removing noise from a statistical data which is one
of the most important job in data analysis. The applications of wavelets not only bars here, but they are also
used in quantum physics, artificial intelligence and visual recognition. An important aspect of wavelets, image
processing is covered in brief in this paper which will give a thin-air idea of how digital images are stored.
Keywords : Wavelets, Haar wavelet, Wavelet Transform, Image Processing

I. INTRODUCTION This idea of approximating functions is not a new

thing. The approximation of functions started in

Wavelet Analysis

Wavelets are a new form of basis to represent
functions. It is a versatile tool which has a very large
potential for real life applications. Wavelet is named
from the requirement that they should integrate to
zero, waving above and below the axis of choice. We
may also say that a wavelet is a function of zero
average centred in the neighbourhood of say ¢ = 0and

is normalised as

f Y(©)dt =0 )

and

1wl =1 (2)

Where ||1/)|| represents norm of Y
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1800s by using superposition technique. Fourier
discovered that sines and cosines can approximate
almost all the functions. However, there was a big
problem in approximating functions having
discontinuities and sharp peaks i.e.; the problem of

scaling.

In wavelet analysis, the scale at which we look at
data plays a very significant role. The algorithms of
wavelet process data at different scales and
resolutions. For example, let's consider Google Maps.
For an instant, think of a fully downloaded, offline
available map. If we look at the map, it seems like a
brown-green patch in the city but as we zoom in into
it, we see buildings, roads, fields, air strip, ezc. If we
zoom any further, we may even see different blocks

of the buildings, vehicles on the road.
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A. Why Wavelets?

Wavelet analysis has recently attracted attention of
people from mathematics and physics. The world is
seeing this area of mathematics being used in
multiple fields, a few to name such as Signal Analysis,
Image Analysis, Communication Systems, etc. We
must know that it is not a new theory but a trickier
one as many of the ideas used in wavelets were
worked individually by mathematicians and
physicists. What makes wavelets interesting is its
wide range of applications and because of this,
wavelets are a very active area of research in
mathematics these days. Even quantum field theorists

are crazy about this mathematical tool.
B. Fourier Analysis

Before ~we  start understanding  wavelets
mathematically, we will look into the Fourier
Analysis.

Fourier Analysis is a method of defining periodic
waveform(s) in terms of trigonometric function(s). It
was studied and developed by the French
mathematician and physicist Jean-Baptiste Joseph
Fourier in the 18" century AD.

Fourier Analysis states that any function f(x) having

periodicity 27 can be represented as

f(x)=a,+ Z(ak coskx + by, sinkx) 3)
k=1
Where the coefficients a,, , a; and by, are defined as

. 21
a5 =5 Oj F) dx @
2
—i kxd (5)
ay = Of f(x) coskx dx
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21
b, = % J f(x) sinkx dx (6)

The Fourier transform has a very specific and limited
view of frequency. Say in terms of signal, Fourier
methods are just a collection of the individual
frequencies of periodic signals that a given signal is
composed of.

The Fourier transform is essentially an integral over
time. Thus, we lose all information that varies with
time. All we can tell from Fourier analysis is that a
signal has a number of distinct frequency
components. In other words, we can comment on

what happens a signal, not when it happens.
C. Fourier Transforms

The very useful application of Fourier transform is to
analyse a signal in the given time domain for its
frequency. The transforms first translate the function
in the time domain into a function in the frequency

domain.

1. Discrete Fourier Transforms

The Discrete Fourier Transform (DFT) converts a
finite sequence of equally spaced samples of functions
into a same length sequence of equally spaced
samples of discrete time Fourier Transform which a
complex-valued function of frequency. It has the
symmetry properties just like the continuous Fourier

Transform.

2. Windowed Fourier Transforms

The Windowed Fourier Transform (WFT) has a
constant time frequency resolution. This resolution

can be can be changed by re-scaling the window. It is
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complete, stable and redundant way of representing a
signal. To explain it more clearly, let's think of a non-
periodic signal, because in real life a signal may not
always be periodic. Right!? Thus, using general
Fourier Transform by sines and cosines may not be
able to approximate the signal well. In such cases, we
sometimes extrapolate the wave to make it periodic.
The WFT can hence be used to represent a non-
periodic signal. It can be used to give information
about signal in the time and frequency, both domains

simultaneously.

3. Fast Fourier Transforms

The Fast Fourier Transform (FFT) is an algorithm
used for sampling a signal over a period of time or
space dividing it into its frequency components. It
requires a matrix whose order is the number of
sample points n. Multiplying an n X n matrix by a
vector will cost on the order of n? operations. This
transform is called fast because we can do the same

operation in O(n logn).
D. Wavelet vs Fourier

The mathematical properties of the transformation
matrix in both wavelet and Fourier are similar. The
inverse transform matrix for both the FFT and the
DWT (Discrete Wavelet Transform) is the transpose
of the original. Thus, both are just the rotations in
function space. For the Fourier, the basis functions
are sines and cosines. For the wavelet transform, the
basis functions chosen are called wavelets, mother
wavelets, or analysing wavelets. An important
observation between two transforms is that the basis
functions in wavelets Ze.; the individual wavelet
functions are Jocalised in space while the basis
functions in Fourier Transform are not as by
observation we can see that sines and cosines are not

localised in space.
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E. Wavelet Analysis

We may consider Fourier Analysis be the first step
towards the Wavelet Analysis. In Fourier, we did
only frequency analysis, but after the advancement of
wavelets, we started considering the notion of scale

analysis.

Like sines and cosines in Fourier analysis, we use
wavelets as basis functions for representing other
functions. Say, the wavelet be (x), also called the
mother wavelet is fixed, one may form translations

and dilations of the mother wavelet ¥ (x).

Ues

We take a =27/ and b = k27/ where & and ; are

integers. Choosing a and b requires critical sampling

),(a,b)e]RUx ]R} (7)

which gives a sparse matrix (a matrix with most of its

elements as zero).
1. Daubechies Wavelets

Ingrid Daubechies worked in this area in her career.
She published her paper 7en Lectures on Waveletsin
1992 which included the introduction of wavelets,
discrete and continuous wavelet transforms, time -
frequency density and orthonormal bases. This
publication of hers gave wavelets a good limelight in

the world of mathematics and physics.

Daubechies wavelets are the most natural functions
for using basis functions to represent solution of
integral equations. They are functions of compact
support that can locally point wise represent lower
degree polynomials. These are very similar to splines
except the fact that Daubechies wavelets are

orthonormal.

These are a family of orthogonal wavelets defining a

discrete wavelet transform and are characterised by
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maximum number of moments going to zero for
some defined support. Although we won't look into
all Daubechies. We will rather discuss about 7he
Haar Wavelet in detail.

Figure 1. Wavelets from Daubechie's family
Source: Wavelets for Kids (B. Vidakovic & P. Mueller)

F. The Haar Wavelet

The Haar wavelet (also known as the mother of all
wavelets) is the simplest and the oldest wavelet. It is
a step function taking values of positive and negative
unity for some defined interval and vanishes outside

that interval. The Haar wavelet is defined as,

(
w(x):! S <x<1

_1 ;
l 0; otherwise

N| =

1;0<5x<
1 (8)

We can uniformly approximate any continuous
function with the help of Haar wavelets. Even the
random motion like Brownian motion can be defined

by this wavelet.

The scaling function of the Haar wavelet is defined as,

1;0 <x<1
0; otherwise

p() = { 9)
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Dilations and translations of the function ¥(x) is
defined as,

Y (x) = 29(2/x — k) (10)

This define an orthogonal basis in L?(R) ie.,; the
space of all square integrable functions. It means that
any element in L?(R) can be represented as a linear

combination of these basis functions.

More precisely, for every pair j, k of integers in Z, the

Haar function is defined as,

Y (x) = zé Y(2/x —k),xeR (11)

The function is supported on the right open interval
Iy = [ k277, (k + 1)27)

We may also say that the function vanishes outside
the interval. It has integral 0 and norm 1 in the
Hilbert Space L2(R) .

f Yir(x)dx =0 (12)
R

|I¢I|iz(R) = fR Pi()?dx =1 (13)

Also, the Haar functions are pairwise orthogonal
Jg Wikjrer = 0 wherever j =j" and k =k’ is not

satisfled ~ simultaneously. = This is  because,

Jg WikQOYjrir(x) = 818y, Where &g represents

Kronecker delta function.

If j=j' (say j >j'), then non-zero values of the
wavelet jrs are contained in the set where the
wavelet Yj is constant. This makes the above

interval zero.
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Figure 2. Graphical representation of the Haar Figure 4. The Haar Wavelet 1),
(Hand drawn)
Wavelet
Source: Wikipedia (The Haar Wavelet) .
3. j=0k=2
We will try to look more into the Haar Wavelet. Let's
A Paolx) = 2(4x) (16)
start with the function 1,
1. j=1,k=0 !
2 s s e
Pi0(x) = ‘/E’P(ZX) (14) , :
| | |
R Tt S
! A A
\r»‘w—»: : “ % -
| | |
L i
| !
_ Q\‘.'J ’ ; e ———— % )
A : Figure 5. The Haar Wavelet 15,
E (Hand drawn)
| Similarly, we can go on sketching the Haar wavelets
1 for other j and k values. Earlier in this paper, we
e e discussed a little about the scaling function. Let's see

) what it is in more detail:
Figure 3. The Haar Wavelet 14,

H
(Hand drawn) The set {Ujjx, ] € Z,k € Z } defines an orthogonal basis
9 i=1k=1 for L?. Alternatively, we may consider orthonormal
P IE L= bases of the form { ¢j k, Wik, j > jo, k € Z } where ¢y
is called the scaling function associated with wavelet
P12 () = V2 p(2x - 1) (15) 8
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basis j. For the Haar wavelet basis, the scaling

function is unity on the interval [0, 1). N —
p(x)=1(0 <x<1) (17) S
Before we go any further, we will look into the Haar o
transformation matrix. Note that we are not looking
into the derivation of the Haar Matrix which uses _
Kronecker product. ]
(\Il A
H, = H —11] (18)
(‘? a2
1 1 1 1 ' ' ' ' '
_ 1 1 -1 -1 0.2 0.4 0.6 0.8 1.0
He=lvz —vz 0 o (19)
0 0 V2 =2 Figure 6. Data Vector ¥
Hg The matrix equation below shows the relation
11 1 1 1 1 1 1 between the data vector and the wavelet coefficients.
1 1 1 1 -1 -1 -1 -1
V2 V2 V2 V2 0 0o o0 0
_lo 0 0 0 V2 VI —VZ -2 [ 1] 00
2 -2 0 0 0 0 0 0 0 e
o 0 2 -2 0 0 0 0 -3 10
o 0 0 0 2 -2 0 0 f = HT Z” 1)
L0 0 0 0 0 0 2 -2 - 0 dz(l’
(20) 1 d,
-2 - Ldy3
In this paper, I am quoting an example of function
approximation using Haar wavelet transformation.
The example is taken directly from the paper 2
Wavelets for Kids, (Vidakovic & Mueller). The _1
example is directly taken as the input data vector is oo 12
well defined. doo ﬁ
dio 1
Consider a data vector ¥ =(1,0,—3,2,1,0,1,2) le _ _ﬁ (22)
represented as the data function shown in the figure dz(l) %
below. The data function is defined in the interval dyy 5
[0,1) . We will show how this data can be [ d)5] 2
transformed using the Haar matrix of size 8 X 8. 1
4
1
-7 |
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Thus, the function can be written as the linear

combination of the Haar wavelets and the

transformed vector elements. The function f =

1 1 1 1 1 5

5(1) —54’00 +ﬁ¢10 —ﬁlpn +le120 —24121 +
1 1

2 W22 — W23 (23)

II. APPLICATIONS OF WAVELET

Since last few years, wavelets have emerged
extensively in the areas of pure mathematics,
electrical engineering, quantum physics, computer
science, image processing, data analysis, cryptology,
etc. Looking at history, wavelets were first applied in
geophysics to analyse data from seismic surveys,
which are used in oil and mineral exploration to get

pictures of layering in subsurface rock.

We will see few case studies, the real-life application

of wavelets used.

A. Wavelets for Image Compression

Image compression is a method through which we
can decrease the file size of an image. Reduction of
image file size is needed for easy transmission of any
computer process in which that image file is used.
Note that there must be a trade-off between the size
of the file and the quality of the image. With
wavelets we are trying to reduce this trade-off so that
we can get better quality images in less file sizes.
Haar wavelets are commonly used in still image
compression system. Mean square error and the
energy retained are few common scales at which we

judge the quality of image compression.

Image compression is used widely in the field of
digital image processing. Think about the number of
digital images created every day in the world! Every
photograph that we take in our android phone gets

Volume 3, Issue 8, November-December-2018 | http:/ ijsrcseit.com

uploaded to the servers of Google. Every picture
media transfer on WhatsApp or every photo upload
on Facebook takes billions of megabytes every day. It
is impossible to increase the size of server room every
day for these mega companies. This is one important
reason they keep on

researching on image

compression techniques. Reducing the storage
requirement is equivalent to increasing the capacity
of the storage medium increase the speed of
transmission and hence communication bandwidth.
The efficient ways of storing large amount of data
and due to the bandwidth and storage limitations,
images must be compressed before transmission and
storage. At some later time, the compressed image is
decompressed to reconstruct the original image or

approximation of it.
1. Multi Resolution Analysis

In Multiresolution Analysis, source signal is
processed at multiple resolutions. Say we have an

image IMAGE. We go through the following pyramid,

1 1 1
IMAGE - I IMAGE - 3 IMAGE - Te IMAGE

(24)

Then we apply and combine filtering at all these
resolutions. A better way to understand MRA is think

of an image. Say the image below,

Figure 7. A high contrast B/W digital image
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It is our common observation that the level of details
within an image varies from location to location. For
example, the image above has some locations that
contain significant details (the lower half of the
image), where we require finer resolution for analysis
and there are other locations (the upper half showing
sky), where a coarser resolution representation
suffices. A multi-resolution representation of an
image gives us a complete idea about the extent of the
details existing at different locations from which we
can choose our requirements of desired details.
Multiresolution representation facilitates efficient
compression by exploiting the redundancies across
the resolutions. Wavelet transforms is the popular

approach for multi-resolution image analysis.

There are two types of image compression, Lossless
and Lossy. In Loseless compression, the image is
recovered completely after the decompression. Such
compressions are not very common as with natural
images, there is always some loss due to significant
detailing. We can obtain higher compression ratios, if
we allow some errors between the decompressed
This is

compression. Sometimes these compressions are very

image and the original image. Lossy
helpful in de-noising the data. Consider a photograph
clicked with flash in the evening outdoors. Thus,
compressing and decompressing this photograph, the
image will lose its preciseness and sharpness at the

critical significant part of the image.
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Figure 8. Image restoration via wavelets
(Source: Wavelets for Kids (Vidakovic & Mueller))

B. De-noising of Noisy Data

Noise removal is one of the most important step of
data analysis. Say it time series analysis or just any
other data interpretation, we de-noise the data to get
a better picture of it. Recovering the true signal is
always required. This problem is solved using
wavelets by wavelet shrinkage and thresholding
methods. David Donoho worked on these methods.
Noise reduction is carried out using the wavelet

transform or Singular Vector Decomposition.
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Figure 9. Denoising by wavelets: before & after
(Source: Wavelets and their applications [15))

C. Wavelets in Google Maps

Google Maps provides one of the best satellite images
to the world. This web-service provides a high-

resolution imagery of not just popular and important

zones of USA but also of the huts and woods of Africa.

Wavelet filters are used for processing these high

definitions and high-resolution imageries.

III. CONCLUSION

From this paper, one may get a basic idea of what

wavelets are, how the most basic wavelet

transformation works and the applications of
wavelets in image processing. From the exponential
increase in the use of wavelet analysis in science and
engineering, it is one of the burning topics of

mathematics for research.
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From this paper, a person may also get the idea of
transformation of data vector using the Haar matrix.
The important topics summed up in this paper are the
basic introduction to wavelets, the Haar wavelets and
the matrix, and a short and basic image compression
example. I also read MRA (Multiresolution Analysis)
and Thresholding to understand the application of

image processing.

Overall, this self-project gave me a very good idea to
carry on advanced research in pure and applied
mathematics altogether. Reading papers and trying to
understand and carry out problems were the most

interesting part in the creation of this material.
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