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ABSTRACT

Boundary effects on Rayleigh-Benard-Marangoni stability in a layer of composite scheme in which a liquid
layer overlies a saturates porous material bounded by slabs of finite thermal conductivity and finite thickness
has been investigated by means of linear stability analysis. The eigen value problem resulting from the
stability analysis is solved by regular perturbation technique. It has been found the stability characteristics in
terms of the critical Rayleigh number  critical Marangoni number is profoundly influenced by the
conductivity and slab thickness. Dependency of thermal conductivity ratio, and depth ratio is graphically

discussed. The current findings may provide useful data in the solidification phase of alloys to understand the

convective movement of the melt.
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I. INTRODUCTION

Thermal convection within a two-layer system
constructed by a layer of fluid overlying a porous
material saturated with the same fluid has numerous
geophysical and industrial applications, such as the
manufacturing of composite materials used in the
aircraft and automobile industries, flow of water
under the Earth’s surface, flow of oil in underground
reservoirs and growing of compound films in thermal
chemical vapour deposition reactors. A detailed
review is given by Nield & Bejan (2006), with
current highly relevant literature including Chen
&Chen (1988), Ewing &Weekes (1998), Blest et al.
(1999), Straughan (2002, 2008),Carr (2004), Chang
(2004, 2005, 2006), Hirata et al. (2007), Hoppe et al.
(2007), Mu & Xu (2007) and Hill & Straughan (2009).
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Chen and Chen (1988) produced a classical paper
in which they have studied the thermal convection
in two-layer system composed of a porous layer
saturated with fluid over which lay the same fluid.
The work of Chen and Chen (1988) employed the
fundamental model for convection in a porous-fluid-
layer system developed originally by Nield (1987).
He reported that the relative thickness of the two
layers determined whether this convection is
concentrated in the fluid layer or in the porous layer.
We examine the linear stability of Rayleigh-Benard-
Marangoni convection  between slabs of finite
thermal conductivity and finite thickness due to an
applied pressure gradient in the presence of an
applied vertical temperature gradient. We believe
that this problem is paradigmatic to the very general
problem involving the interaction between a non-

uniform applied temperature gradient and a variable-
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viscosity flow. The results are relevant to current
industrial applications involving chemical vapour
deposition or the cooling of electronic equipment;
see e.g. (Nicolas 2002, Ruan et al.2004, Hill 2004,
Straughan 2008 , Generalis and Busse (2008)). The
objective of the present study is to investigate the
influences of the solid plates of finite thickness and
of finite conductivity. The linear stability theory is
applied and the resulting eigen value problem is
solved by analytically using regular perturbation
technique. The critical Rayleigh number and The
critical Marangoni number which depend on related

physical parameters, are investigated.

II. CONCEPTUAL MODEL

The system under investigation consisting of an fluid

layer of thickness d and saturating an underlying

porous layer of thickness d, and bounded by solid

layers of thickness of ~*. Thus the Z indicating

distances vertically upwards the fluid-
saturated porous medium interface is at £ = 0.
z=d+d,
z=d

Fluid Layer

o m%{ﬂr .%PTWPM%&W SR

Lowar Plate

Fig 1 Physical configuration
I11. Mathematical Formulation

The fluid-porous -solid
layers governing equations are:

Fluid layer: (0<z<d)
V.§=0
)

p{zt—a+(a-v)q}——Vp+po [1 a(T-T,) ]+,uV E‘D

)
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orT )
- (q VT =vT
®)
Porous layer: (-d, <z<0 )
V-q, =0
- (4)
Po O _ H =
j?——me K ~ Un +Pog[1 0‘ T T)]
©)

o, =k, VT,

(6)

Solid layer:

(—(d;+d,)<z<0 and d<z<d+d, ):

M _p v,

(")

Where q is the velocity vector, T is the temperature,
p is the pressure, K is the thermal diffusivity, ¢ is

the thermal expansion coefficient, ? is the porosity

of the porous medium, A is the ratio of heat

capacities , Po is the reference fluid density and the
subscript m refer to the quantity in the porous layer.

To investigate the stability of the basic state,
infinitesimal disturbances are superimposed in the
form

q=q,T=T,(2)+6, p=p,(2)+ P, G, =0,
8)

m

T =Tmb(zm)+0m ’ pm = pmb(zm)+ pm,

(©)
Where the primed quantities are the perturbed ones
over their equilibrium counterparts.
Following the standard linear stability analysis
procedure and noting that the principle of exchange
of stability holds, we arrive at the following stability
equations (for details see Chen F. 1990):

(D*-a’)e,=0
(10)
W Ra’®
(11)
(DZ—aZ)G):—W
(12)
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(13)
(sz _a'rnz)@m =_\Nm

(14)
(Dm2 _am2)®s =0

(15)
where D:i,Dm:i ,

dz dz,

a=+I1?+m? a, = \/I~2 +m®> are the overall

horizontal wave numbers in fluid and porous layers
. 2 _~2/A2  A2)/A2 | A2/A2

respectively. V2 =0%/ox? +0%/oy* + 8%/ oz :

V2 =0°/ox,’ +0°/oy,? +06%/oz,? are the Laplacian

operators in fluid and porous layers respectively.

The boundary conditions are:

0=6,, DO=Kk, D6, at z=1

(16)
6,=6,, Do, =k, Do, at
z=-1 a7
Do, =0 at
z=—(1+d,), 1+d.,. (18)
Here, dr - dS/d

conductivity of the solid plate to that of the fluid

layer with Ken = k. Solving Eq. (15) for the solid

layer, together with the boundary conditions

(16)_(18), the thermal boundary condition at the
solid-fluid interface becomes

DO=k,a,tanh(a,d,,)O,. at z=-1

(19)
DO =k atanh(a(2+d,))®. atz=1

(20)
D*W +Ma’*® =0 at z=1

(21)
W, =0 at z, =-1.

(22)

At the interface (i.e., z = 0) the continuity of velocity,

temperature, heat flux, normal stress and the Beavers
and Joseph 1967 slip conditions are imposed.
Accordingly, the conditions are:

w=Sw,
&

(23)
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o-"o,
g
(24)
DO=D,0,
(25)
[ D*-3a” |DW = = DWW,
& Da
(26)
p? - £ D}W _ P pw
[ JDa eDa "
27)

Where ¢ = di the thickness of fluid layer to porous

m

layer and /B is the Beavers-Joseph slip parameter.

3. Long wavelength asymptotic analysis

The solution of the Egs. (10) — (15) and
boundary conditions Egs. (16) — (18) is obtained
using a regular perturbation technique with wave
number & as a perturbation parameger. Foy s dying

is the ratio of the solid plate thicknessyo %hﬁ&iﬁ}uiéflﬁﬁf@rsﬁlﬂﬁﬂkﬁz%%eaﬁémbr& analysi$, thethe ratio

W,W_ and ©,0

variables mare expressed in terms of

the small wave number &,

W.0)=3 () (.0

a (28)

N

w0,)-3] % 0.

i=0
(29)
Substitution of Egs. (28) and (29) into Egs. (11) — (14)
and collecting the terms of zeroth order, we obtain

D*'W, =0

(30)

®, =W,

(31)
D2W,, =0

(32)
Dri®m0 = _WmO

(33)




and the boundary conditions becomes

W,=0, D®,=0, DW,=0 at z=1
(34)

wW,=0, D,®,,=0, DWW, = at
(35)

And at the interface(i.e z = 0)
WO = £Wm0' ®o = %®m0' D®0 = Dm(@mo

(36)

D*W, —nD*W, = — D.W._,

Dace;
(37)
2 Bs -’
D°W, — DW, =——=—DW,
0 '_Da(f 0 : '_Da§ mVVmo

(38)

The solution to the zeroth order Egs. (30) - (33) is
given by

W, =0, 0, =g£, W,=0 0,=1
T
(39)
At the first order in a’ Egs. (11) — (14) then reduces
to

D'W, =R T
¢
(40)
D@, — L =-W,
?
(41)
Drleml Rm
(42)
Dri®m1 -1= Wml
(43)
and the boundary conditions becomes
W, =0, D®,=2(1+¢d,)¢ck0,, DW,=-M
(44)
W,=0, DO, =k,d.,. at
(45)
And at the interface (i.e z = 0)
1 & 1
Wl = g—l-é,Wmll 4,_1;3®m1’ D®l = ? Dm®ml

(46)
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_é’ D

x/ DacT
(47)
ag’ _—ag
- _1DW, - DW, =
 Jba TJba
(48)
The general solutions of Eq. (40) — (42) respectively
given by
A A A
W =R|c +C,z+C;—+C,—+—
' {Cl ? 2 "6 24
(49)
W, _R{c +CyZ Z DafT }
3
(50)

713.’)(::/53?& el -24DaMelc —12DaRs” - IEDG"{R elg — llﬁ_lfazf_:‘ — E@Ra._:' —4DaRaels’
8R:" (63D +3Da;’ + e
e —12Da RatsT +24DaMsTg? +12DaRs’ +12Da* R 5T 12 JDaMesTc* —5jDaRas’ —4DaMsT; —{Dakc*
: 8R¢' (6yDac+34Dac’ +ac’)
e —48DaMaeT + 24fDaReis +12DaRaeTs —4MaeTo® —Rac®
: 8R7(6yDaa +3yDac’® +ac”
—12DaRaeT + 24fDaM eT > +124/DaRc +12MaeTct +5Rad
8 (6vDace+3yDac’ +eac’ |

€=

Cy=—

DacT? +Da er[lzpa}easr— 24-{DaMeT—124f/DaRE —12M aeTe* — SR’ |
Co2d 8R<* (6yDaci+3Daz + o)

iy

—«fﬂsr[upa}aasr— 24/DaMeTs? —124/DaRc’ ~12MeeTc* —5Rac’

Cs= 3
: 8R:*(6x/Dac+3JDac+ac’ |

2 2
D ®1and Dm®m1

respectively provide the solvability requirement
which is given by

Equations (41) and (43) involving

1 kr dr

AN

IWdz+ IW dz=

(51)
The expressions W; and W, is back substituted in
(51) and integrating , we obtain the expression for

. . R
critical Rayleigh number " °
Vo vk dr [+ eT {0~ MaeT {* ¢, ~3DaMeT (T +¢ )¢y —~Da MeT Aje,
- a ey +Dad, ¢, + Dal, e, +Dad,c,+ D eT Aoy,

Where *
1
CZm_jus(a ¢*+3JDa (20 +¢)) |

1
2¢*(a¢?+3yDa(2a+¢))
A =6aeT +10a ¢ +¢7,

1
8§Z(a§3+3JD_a(2a+§))'

(52)

C =

Cy =
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1
320(a¢?+3VDa(2a+¢))’
A, =4€T (9+4aeT),
1
_48§3(a§3+3ﬁ(2a+§))’
Ay =3(12+5a6T){, A, =25a6T +39a{ +247,
1
_so;(aghsﬁ(zmg))’
Ay =5a T +3al +4eT £ +3¢57,
1
4¢° (¢ +34Da (20 +¢))

Cp =

Cl 1

C12

C3 =

1V. Results and Discussion

Rayleigh-Benard-Marangoni stability  in a
layer of composite scheme affected by walls of
finite thickness and of finite conductivity were
investigated by the linear analysis.

eigen value problem is solved analytically using a

The resulting

regular perturbation technique with wave number a
as a perturbation parameter. The marginal stability of
the system considered in this investigation is given
by equation (52). We can check this formula against
known results for the following limiting case:

In the limit M =0 and ¢ >>>1, equation (52) is
simplified to the following result, which is the case
of a single fluid layer between a solid walls of finite
thickness and of finite conductivity,

R, =720(1-(2+d, )k, ).

(53)

k., =0ord, =0,
S

A equation (53) can be reduced

much further to the result R, —720
known exact value (Nield 1987).

which is the

To gain physical insight into the onset of the
convection, we illustrate the eigen functions of
vertical velocity W and corresponding streamline
patterns in Figure 2.  Figure 2 present the

analytically predicted velocity profile at the vertical

center line of a system for ¢ =1.nd various values of
the k.and d,

a=0.1¢=1¢g =0.75Da=0.001

for

. It shows that
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the major part of the flow is confined in the pure

(0<z<1)

fluid layer , while the fluid is almost at

. L R
rest in the porous part. The variation of °¢

obtained as a function of depth ratio ( for different
values of k. d, are presented in a Fig.3. As expected,

) . k.,d . )
the effect of increase in ' ' is to increase the
critical Rayleigh number. Furthermore, the variation

in has a significant effect on the onset of convection

for the values of g <25 while the curves of

different e, merge into one when ¢>6. The

L M . .
variation of ¢ obtained as a function of depth

. . k .
ratio ( for different values of ™"’ d. are presented in

dl’

a Fig.4. As expected, the effect of increase in e

is to increase the critical Rayleigh number.

Furthermore, the variation is significant on the onset

of convection for the values of g <25 while the

curves of different .d,

¢ >0.

merge in to one when

M ) ° . )
¢ as a function of ™ is shown in

kr,d, for, & =0.725

A plot of

Fig.6 for a several values of

— —6 —
Da=4x10"and ¢ =1. We notice from figure that

when V¢ T 0, the curve trend toward Ry =485 for
J— J— C —_—

k. =d, =1 the curve trend toward R, =410 for

M. =50

. This shows that the thermal buoyancy
dominates the system over the effect of surface
tension. It is evident from figure that the effect of
thermal buoyancy increases so that the system is
under the domination of the thermal mode.

1.0

kr=dr=0,0.2,0.5,1

0.5

0.0

-0.5

1.0 y :

T T
0.0 0.5 10 W 15 2.0 25




Fig.2. Vertical velocity profile for different values
of kr,dr when ¢ =1.

150 4
kr=dr=0,0.1,0.2,0.5,1

50

Fig.3. M_ versus ¢ for different values of dr when
kr=1

150

dr =0,0.1,0.2,0.5,1

0 T T T T
0 2 Ag 6 8 10

Fig.4. Variation of M, with ¢ for different values
of dr.

br=dr=0,0.10.2,051

T T T T T T T T T
= z L — B = 10
5

Fig.5. Variation of M, with ¢ for different values

of kr,dr.
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500

400 1

Fig.6. Variation of M with R for different values of
kr,dr when ¢ =1

V. CONCLUSION

Boundary effects on Rayleigh-Benard-Marangoni
stability in a layer of composite scheme in which a
liquid layer overlies a saturates porous material
bounded by slabs of finite thermal conductivity and
finite thickness has been investigated by means of
linear stability analysis . From this we observed that
it is possible to control the convection effectively by
choosing various physical parameters .

In this investigation, an analytical study of
Rayleigh-Bernard-Marangoni convection in a
superposed fluid and porous layers with boundary
slab. The simultaneous effect of the depth ratio, and
the heat conductivity ratio and depth ratio (slab)
were examined pictorially and compared to the
constant viscosity model. The following main
determinations are pointed out as follows throughout
the above analysis.

Stabilizes a larger depth ratio (slab) and the
critical numbers of Marangoni and Rayleigh
increases with .

Increasing the heat conductivity ratio
contributes to a stabilizing state as heat disturbances
deep into the solid layer are easily dissipated and the

critical numbers of Marangoni and Rayleigh rises.
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