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ABSTRACT

In this paper, we assume that a smooth equilibrium solution Uy, p, of Navier-Stokes equations is given on an

infinite strip 0 = IR X] — >

disappears in our case using the same tools in [7].

11

! ,% [, the problem of stability that arises in the infinite plate (@ = IR % X] —=,=|)

2’2
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I. Notations and Preliminaries

For X,y Banach spaces, I.lly,|l.lly are their

respective norms. L(X,Y) is the space of bounded
operators from X to Y with || T || the operator
norm.

For A a linear operator on X and ECS X a
subspace, A|g is the restriction of Ato E.

For any Q, HP(Q) is the Sobolev space of functions
having square integrable derivatives up to order
p with (.,.), and Il llzr gy the usual scalar product
and norm on H?(Q) .We set £2(Q) = H°(Q) and
Il lzp=Il. lgp oy and extend this notation to vectors
and set :

hu 2=l uy 122 41 uy 1122
where u = (uy,u,) € (L2(Q))?, Likewise with the

Sobolev norms. The scalar product on (HP (Q))? is
(s )p, With :
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2
V) = D (1,0 s, v; € HP(Q)
i=1

where u = (uq,uy),v = (v, 03)
andweset (.,.) =(.,.)o.

CP(Q) is the space of functions p times
continously differentiable on Q and C}(Q) is the
space of functions f € CP(Q) with suppf compact.

II. Introduction

Consider the Navier-Stokes equation on an infinite

strip O = IR x] —,=:

2= VAU — (U.V)U + Vp +£divU =0 (1)
Where U = (uj,u,) satisfies Dirichlet boundary
conditions aty = +1/2, p is the pressure, v kinematic

viscosity and f a time independent outer force.

We assume that a smooth equilibrium solution
Ug = (uq,u;3),pg of equation ( 1) is given, which is
L — periodic in x (i.e. ug(x + aL,y) = up(x,y) Such
that a € Z) and likewise with pg.
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We can study The stability of Uy = (uq,uy),po
against small perturbations under two aspects:

(i) The perturbations are L -periodic in x.

(ii)The perturbations are in (£2(Q))2.

The relation between (i) and (ii) is the mathematical
tools used by physicists in connection with
Schrodinger equations with periodic potentials [4].
We will use the same tools used before like the direct
integrals (see [1] , [4] , [7]) and the O -Periodic

functions (ie. generalisation of periodic function).

To discuss the stability of Uy, p, with respect to
various classes of perturbations we replace U,p in ( 1)
by Ug+vVv,pp+m and we use that Uy, py is an
equilibrium solution of ( 1), Whereby it is supposed
that v satisfy the same Dirichlet boundary conditions.

By a straightforward computation we obtain:

{% = VAV — (0. V)V = (v. V)up — (v.V)v — Vmr

divv=0,v/0Q =0

2)

Now let’s put this problem in a functional analytic

frame.

—(L% ()2
Set V = {f € (H1(Q))2, div f = 0}andE = V"

and P the orthogonal projection onto E

We apply P to the both sides of (2) we get:
0tv = (Ag + PTy)v + PN(v) 3)

Where Ay is the Stokes operator defined by:

. (FE€ (H2(Q) N H}(Q))?,divf=0
fe D(As) iff {Asf = vPAf, Vf € D(As)
Ty the linear operator defined by
Tof = —(ug. V)f — (f. V)uy, Vf € (H1(Q) N Hi ()2
N is no-linear operator defined on E by N(v) =
—(v.V)v and let B = A5 + PT,.
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Proposition 2.1 [7]
E={veL?*Q),divv=0\v L VpVpeH(Q)}

Remark 1
Et > {Vo,¢ € H'(Q)}

We have T € H1(Q) then according to the previous
remark V1t € E1, and on the other hand we have for

all v € E, d,v € E. cause d; commute with v.

Proposition 2.2

Ag is selfadjoint and < —¢ for some € > 0, and exists
c > 0 such if Agv = f for v € D(Ag) and f € E, then
”V”HZ(Q) = C”f”LZ(Q) ()

Proof

We have (Agv,v) < %”V”iz , where c(Q) is the

. , . . \Y
Poincaré constant, then it suffice to take € = oy

(~Asv,v) = ellvllyz  so  [lAgvllyz = lIvll2  which

implies Ag is injective .
Finaly, Ag is bijective from D(Ag) to Im(Ag).

Corollary 1
Ty is relatively bounded with respect to Ag ie : for all
6 > 0 there is K5 > 0 such that:

IToull.2 < 8llAsull2 + Ksllull2, Vu € D(As)

Proof

Set A operator on L#(Q) such that (Au); = Au; for all
u in D(A) with D(A) = (H2(Q) N H{(Q))%,i = 1,2.
QL bounded in the direction 0y then according to the
Poincaré inequality A is bounded ie: there is a
constant ¢’ > 0 such that:

|Aull 2z < c'[[ullyz(q) , forallu € D (A)

1
Since A < —¢ for some € >0 then (—A)z is well
defined and bounded, and we admit for the moment

the result:
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For all 8 > 0 exists Kg > 0 such that:

As

1 1
()2 < Sllaull: + Kslullz, € D(C-4)2) (4

2

1

L= Z < Vu;, Vu; >, Vu € D((—A)2)
i=1

Where D((—A)%) = (Hj(Q))?

ot

According to (*) of the proposition 2.2 there is ¢ > 0
such that:

llullpz(q) < cllAsullpz(q)

Finally,

IToullz < ¢"((R2y (Vuy, Vu))2 + llull2) u €
(H3(Q))?andc" >0
Thus | Toull,> < ¢"(8l|Aull,2 + Ksllull 2) + [lull,

< ¢"8¢/llullyz(qy + (c"Ks + 1)llully2

< c"8c'cllAgullyza + (€'Ks + 1)llull2

Proof of (e):

We know that for all € > 0 we have:

A<er?+ (4e) La=0 (%)
And let now A be the operator with the domain of
definition D(A) = (H%(Q) n H}(Q))?
Au = —IA foru = (uy,u,) € D(A).

such that

According to proposition 2.2 we have A is selfadjoint
and > § for some 6 > 0.

Let (E)))s>s be the spectral family associated to the

operator A, :

(%)

We use (*) et (**) and according to simple calculus:

b 1 ® 1
A= f )\dE;\, AE = f )\EdE;L
8 8

1
Il AZu [l2< € | Au 724 (4€) ™1 Il u lIZ2 € D(A) (x*x)

We have obviously:

Volume 5, Issue 3, May-June -2019 | http://ijsrcseit.com

I Au IIizS collu ||12_[2,u € D(A),foronecy, > 0
In the other hand there various ways to show (for

example the quadratic forms theory in [4]) that:

1 1
D (A2) = H{(Q), Il Azu ll,2= 33 Il Vuj I (xenr)
1
for u = (uy,u,) € D(A2) = H(Q).

Take now u = (uy,u;) € D(Ag) and we combine (***),

(****) with the proposition 2.2 to obtain:
2
2 2 - 2
D0 2 ecoc 1 Agu I+ (47 T u I
1

with c of the proposition 2.2.

Remark 2 According to the corollary 1, Ty is
relatively bounded with respect to Ag then PT, too,
Ag + PT,

holomorphic semi-group on E.

and according to [3] generates a

Then, it possible to define for each fixed A > 0,1 €
p(As + PTy),
PTy)Y,(y > 0), and we can introduce the spaces of

fractional powers BX =(A—Ag—

fractional powers X, and norms |[[.|, that all

equivalents independently to A, and defined by :
I8ty = [|B3f] .. f € X, = D(BY).

According to [3] the non linear operator N verify the

next assertion:

if yel1[,veX, then NW)€I*(Q) and
INW Iz < CylIvIIZ

Then the problem (1) became an evolution equation

of the sense of Pazy [3].

Definition 2.1 [5]
(Ug, po) stable in the sense of Ljapounov of (1) under

perturbations which are in £%(Q), if v=0 is an

S77 —
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equilibrium solution of (3) stable in the sense of

Ljapounov.

Theorem 1 [5]

1.If 6(B) € {A/Re(A) < —8} for some § > 0 thenv =
0 is stable in the sense of Ljapounov of (3),

2. If Re(A) > 0 for some A € 6(B) thenv =0is

unstable in the sense of Ljapounov of (3)

Since the source of the difficulties is the singularity of
the Stokes operator then we will focus on it using the
same theory. This theory, well established in the case
of Schrodinger equations with periodic potentials [4]
extends to the stokes operators which occur in
Navier-Stokes and related equations, but the
corresponding theory is now more involved, see [7]
where the three dimensional case (3d) is treated. The
Stokes operators which appear in connection with (1),

either 2d or 3d, are of the form:
AU = vPAU. (4)

U is the argument on which the operator acts, while
P is the orthogonal projection onto the space of
divergence free fields. Three cases are of interest:

(a) U € (H?(Q) n H}(Q))?,divU = 0.

(b) U is periodic in the unbounded space direction.

(c) U is Floquet-periodic in the unbounded space
direction.

Case (b) subsumes under case (c) [2]; case (a) is
handled in [6]. There is a spectral formulas relation
between the cases (a) and (c), well known in case of
the Schrodinger equations with periodic potentials.
In the 3d-case however, these spectral formulas
associated with (2) are more complicated than in the
Schrodinger case due to the appearance of
singularities [7]. The purpose of this paper is to show
that in the 2d-case these singularities are disappear
and that the spectral formulas associated with (2)
have the same results as in the Schrodinger equations
case. To this effect we study first the most important

special, ie. U= 0. We have to perform estimates
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similar to those in [7]. In our estimates, which are

considerably simpler, singularities do not appear.

How to exploit this fact so as to obtain the mentioned
spectral formulas is the outlined in subsequent

section.
III. ®@-Periodic function

We fix a period L >0, set @, =]0,L[ and Q =
Q; X] —%,%[, for some small € > 0 we put M, =] —
€,2m + €[ with M = [0,2r] (M, is a neighbourhood of
M) .

And let M, be M, minus the numbers 0 and 27.

We define a ©-Periodic function (Floquet-periodic
function):

For © in M.; f€CE(Q) if f€CP(Q) and f(x+
jL,y) = eY®f(x,y),j € ZZ, (x,y) € Q,with i? = —1
we define the functional spaces :

HS(Q) is the set of f € L2(Q) such that nlirP Il fr, —

f llyp= 0 for some sequence (f)nern € CS(Q)

We also let L£21 be the subspace of £2(Q) containing
the elements f such that f(x,—y) = f(x,y) a.e.
Likewise with £Z and f(x,—y) = —f(x,y) a.e
Finaly, we put

L* = (L*)? L5 = L5 x L, and L], = L{ X L]

It’s easy to prove that :
L*=L2® L%

IV. Fourier series

We consider the eigenvalue problem: y" + Ay = 0 on
] - %,%[ with Neumann resp. Dirichlet boundary
conditions.

In the first case we have a complete orthonormal

(C.O.N) system in L2(Q):
0 = (—1)*V2cos(2kmy) fork > 1, = 1

[ 578 L
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Ooks1 = (—1)k\/isin((2k + 1)7Ty)) fork =0

Ay = p?m? is an eigenvalue associated to Pp> P2y 18
even, @341 0odd and morever ¢,(1/2) = V2 forp >
1.

And in other case we have a (C.O.N) system given by
VALY, = @'y where ', = — /A, @, forp > 1.

Since parity in y will be important we introduce

notations:

Ok = Q241 Tk = Yar+1, Ak = Aggy1,k = 0, and
Pk = Q21T = Yo for k = 1,0 = 1 and py = Ay
And for © € M, we set: & = 2na + ©)L™!,a € Z and

eq = e,

We have a characterization of spaces Hg o, Hg, H§

with the Fourier series :

Let f € £L?(Q) have Fourier series :
f= Zfa,i(pi = Zfa,ill)i

With respect to {e, @;} resp {e,¥;}.

Proposition 4.1
(a) f € HY iff

D@+ A)fuil? < o0
(b) f € Hg o iff

D@+ M) fil? < oo
For the proof see [7].

We have the characterization of space HJ too :

Proposition 4.2
Let f € L2(Q) satisfy Y, (@2 + Ay)?|fa:]* < co. then
f €Héand:
1 1222 €Y. @2 + A Ifuil®)
for a C independent of ® € M, .
Likewise with ¥ (&2 + A;)? |fa,i|2-
For the proof see [7].
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V. Main theorem

Our aim is to prove:
Theorem 2
(a) There is C > 0 as follows:
If U € dom(A4(0)) N Eg and A4(O)U = f for some
® € M, f € E§ then U € (H§)? and
NUllez < ClIfll 2

(b) Under the conditions U € dom(A4(0)) N E§ or
U € dom(A;(0)) N Eg the assertion (a) holds.

Proposition 5.1
If f€Hs has Fourier series Y, j Qg j€qo; then
Yjlag;l < cand f € Hgoiff ¥j apj = 0,ainZ

For the proof of the proposition 5.1 see [7].
We need also the proposition 6.12 used in [7] page

115:

2
We recall 4;, = (2’::21) :

Proposition 5.2 7here are I, [ such that fors > 0:
() To(1+s)32<Y M +s)2<(1+s5)73
()Y A +sH <1 +s)?

(i)Y ;1A +sH) 2 <A +s)™*
MY A +sH)2<(1+s)?

VI. Proof of the main theorem

Since in the first part of the proof factor @' appear
which later cancel, it is advantagious to assume first
0 € M,.

We take U = (4, B) € (Hg) N LZ such that div U =
0.

We know that Lé = Lﬁ X L2 then A € L; and B € L2
and with characterization of space Hg, by Fourier
series we have A =) Aj,e,7;, B =) Bjgeq0; such
that Y (4; + ch2)|A]-a|2 < oo, likewise for B, the
components of f = (a, b) admit expansions too, a =

2 QjgeqTj, b =Y bjqeq0;.
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U is a weak solution of A;(0)U = f for f € Eg if and
only if:

> VUL W)+ (£ V) =0 5)

forallV € (Hé'o)z.
As a test vector in (5) we take:
V = (uoTo + U;Tj, Woo, + W;0;) € (Hgo)? Whereby

div V = 0 thus:

\/A_jwj = —0dyu;j and \/A—OWO = —0,Uy.

Here u, € H3(Q,) arbitrarily fixed.
Like in paper [7] we have wy + w; = 0.Then from the

) .. 1 1
divergence condition we deduce that —uy + —=u
5 Vo 0% Y

_JA

Nk

By exploiting the arbitrariness of uy,) we reach

it’s aconstant ©-periodic then u; =

certain equations for the Fourier -coefficients
4ja Bjar 4a bja-
We note :
Ai=24+a%j>0a€cl
A)j@) =AA;jq —a;q)j=0,a €L
(B);(@) = AiBjg — bj0j = 0,0 EL

We obtain:

32 (A)(@) + ()o@ — = (B);(@) +

3, 0@ = 5 B,
= (B)o(@ = 0,720 ©
And from the divergence condition for u, f we get:

(B);(@) = ——=(A);(@),j 20  (7)

i
Nz
From the condition ® € M, we get @ # 0 then:

(A)j(a) = \/_(B)](a)J =0 8)

So according to (6) and (8) w

(B)j(a) = Ao(B)o(@).j 20 (9)
And by using proposition 5.1 we have }; Bj, =0

we have:

then:
{Bo,a = k(4o Yjs1 (ij)_zbo,a

k=14 1) Zjzr )77 = k()

Volume 5, Issue 3, May-June -2019 | http://ijsrcseit.com

—Yjs1 A4)7thie) (10)

Having B ., we can express Bj,,j =1 via (9) and
then 4; ,j = 0 via (8).
Then (6) became:

4 A)j(a) = 2—0(1‘1) (@)
5= e

And (8) give us (for j = 0):

W%
a

(11)

(A)o(a) =
So

(A)j(a) = (B)o(@)

iJA
i (12)
a/lj

And from (10) we deduce:
(BYo(@) = ~k(boa+ 40 ) (1) b)) (13)
jz1
By divergence condition we replace b;, by a;, in
(13).
If we replace (B)o(«) in (12) by it’s value we obtain:

(4)(@) /uk(l
Q) =——7 "= a
! ’11' \//10 “o

1
+30) (AE(is)—la&a)<14>

s=1

As can be read off from (14), the expression for
(A)j(a) does not contain any factor @1, that is no

singularity, we may therefore assume from now on

that © € M. (6)
By (14) we have:
where

iAok @

— Aok . .
I = ,1—1.’102 A2 gy,
] .
j=1

and

iy = YAk
J 3 \/—
We note that by proposition 5.2 (i) a I, is found such

that,
k<T,(1+s)™% (s =|&]), then:
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;1% <
A2y k2 5 5
];z Ts21 () 2(10)*(As) D (Ts2a |asel®) (15)
]
<
TZ(145) 2(Ag+5)%A; _
- (/1j+52())2 . (2521 Asl)(z:szl |as,a|2) (16)
CI
< A_stzl |as,a|2 (17)
So
DY D lagal
a j=21 a s=21
A k2
and for I1; we have: |[[j]? = fz.gl" |ag,ql?
j %o
then:
Ai(Ag + s2)%T#(1 +5)72
11;]% < it +5) 222 ) |ag,e|®
(Aj +s ) AO
Then
Z L2 < C'(1 + 5)?|ag o?
=1
Therefore

D DM <6 laal?

a j=21 a

We still have to look at (A)y(a). We recall (14) for
Jj = 0 and we can estimate k(a) by Proposition 5.1
And for (B)(a) : By (7) and (12) we can deduce by
using Proposition 5.1 that there is a ® —independent
C, such that :

DI NB @< ) > [l
a a

The proof of (b) is very similar.
Conclusion:
NU llgz< C Il f llg2.

VII. Comments

As indicated, due to the fact that the singularity © =
0 resp. ® =2m drops out in the computations
presented in the previous section, the spectral theory,

carried out for dimension d = 3 in [7] is simplified
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considerably. Partly for this reason and partly for
reasons of space, we consent us to describe briefly the
final result which emerges from this simplification.
In order to describe the way in which the spectral
formula in [7] simplifies, we recall the objects which
appear in it. Following sect. 1, 3. we have the 0-
Sobolev  spaces Hg (Q),H(})’O(Q),G) €] -
&, 27 + €[, the orthogonal projection Pg from L£2(Q)?
onto Eg, with Eg the £2-closure of the set of f €
H5(Q) X Hg(Q) such that divf =0 . The © -

periodic Stokes operator Ag(®) are now defined as

periodic

follows:

{ f € dom(450)) iff f € (H3(Q) N Hg 5 (Q))?
and div f = 0,and for such f,Ag(O)f = vPgAf.

{f € dom(450)) iff f € (H3(Q) N Hg 5 (Q))?
and div f = 0,and for such f,Ag(O)f = vPgAf.

Next, we recall that, as stressed in the introduction,

we are given a smooth velocity field v = (v, v;)
on /R X [%,%] which is L-periodic in the unbounded

variable x, which gives rise to an operator T which

acts on elements u = (uy,u,) € dom(45(0))
according to
Tu = —(vlaxul + v,0,Uy, 10Uy + vzayuz) (18)

We briefly digress on the periodic case which arises
for ® =0 and ©® = 2. In accordance with [7] we
stress this case by the label ‘per’ rather than by ® = 0
Thus Ag(per) = As(0) = Ag(2m) ,
ngr(Q) = Hg(Q) = Hé’n(Q) etc. In order to achieve

that the spectral formulas below are valid, we have to

or O =2m .

define E},, As(per), Pper as follows:

Eper is the L? — closure of all vector fields
v=(f, h)inHrl)er(Q) X le)er,o (Q)

Such that div f = 0 and fQ f dxdy = 0.
v=(f,h) is in dom (As(per)) if v € (ng,,(Q) n

le)er,O(Q))zr
divv = 0 and fQ f dxdy = 0;

[ 51 L
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for such v we set Ag(per)v = VP Av, where Py,
is the orthogonal projection from £Z(Q)? onto Ej;.
With this definition, Ag(per) is selfadjoint on Ej,;-.

Finally, we need corresponding objects defined on

the whole strip 0 = IR X] —%,%[. Thus E is the

L% —closure of f € H(Q) X H}(Q) such that div f =
0,

f € dom(As) if f f € (H*(Q) N

HY(Q)? and div f = 0,

and for such f we set Agf = vPAf.

For elements f € dom(As), the operator T acts again
via (18). Under these conditions, the operators
G = As + PT,
Go = As(©) + PeT,
Gper = Ag(per) + PoerT
all become holomorphic semigroup generators on
formulas,

E,Eg, Eper respectively. The spectral

announced above now are:

(22), 0(As +PT) = (U@e[o,Zn] (As(©) + PeT))

(22), 0(As +PT) = (As(®) + PgT).

0€[0,27]

These formulas correspond to formulas (*), (**) in [7],
page. 169. While (22); looks the same as (*) in [7],
(22), is definitely simpler; it implies in particular
that if A € o(As(per) + Pye,T) then 4 € a(As + PT),
a statement which cannot be asserted in dimension
d = 3 as can be seen from formula (**) in [7]. The
proof of (22), is based on the computations in the
present section 5, which entails that the singularities
which arise in dimension d = 3 in [7], drop out.

The detailed verification of this claim is treated by a
careful examination of the arguments in [7], a task

within the scope of this paper.
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