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ABSTRACT

Bhaskaracharya ,(Bhaskar II, 1114- 1185 AD), was one of the great
mathematicians in India. His text “Sindhant Shiromani’ (SS) was treated as the
base of the further research oriented results by most of all the mathematicians
after him.

SS contains of two parts:, Goladhyaya and Grahaganit. Jyotpatti is the last
chapter in Goladhyaya. Jyotpatti consists of 25 Shloka (stanzas), all in Sanskrit
language. It is a general impression that SS contains Lilavati and Beejganit also,
but that is not so.

Jyotpatti deals with trigonometry. This was a milestone in developing geometry
in India. /Jya means sine and Utapatti means creation. Hence the name Jyotpatti
( jya + upapatti). Jya and Kojya( or kotijya) stand for the Rsine and Rcosine
ratios respectively. The trigonometry developed by Bhaskara II is based on a
circle of radius R, and not on a right-angled triangle as taught in the schools.
After defining Jya, Kotijya and Utkrama (verse jya) etc, Bhaskara obtains these
ratios for the standards angles of 30,45, 60, 36 and 28,(all in degrees) by
inscribing a regular polygon in a circle of radius R. Bhaskara called these angles
as Panchajyaka. Not only this, Bhaskara developed these results for addition
and subtraction of two angles. This result was further developed for the similar
results, for the multiple angles. Bhaskara compares jya and kotijya with the
longitude —latitude of earth and those with lateral threads of a cloth.

Contents in Jyotpatti (Only a few mentioned here)

(1) R jya 45 =RV/2, and other similar R jya values. (All in degrees)

(2) Rjya 36 =0.5878 approx.

(3) Sa = side of a regular polygon of n sides = D sin (n/n), D is the diameter of
circle in which polygon is inscribed.

(4) Derivation of formulae for sin (6 + ¢) and cosine (0 + ¢) called as samas
bhavana and antar bhavana.

(5) Concept of derivatives, that is, 8(sin 0) = (cos 0) 80 etc. Which is Rolle’s
Theorem.

Indian mathematicians developed trigonometry in different way than that of
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western mathematicians. Though /yotpatti is a small text, it is a landmark in

development of ancient and medieval trigonometry.
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I. INTRODUCTION

Bhaskaracharya, ( Bhaskar II, 1114- 1185 AD), was
one of the great mathematicians, India has produced.
His text “Sindhant Shiromani’ (SS) was treated as the
base of the further research oriented results by most

of all the mathematicians after him.

SS contains of two parts:, Goladhyaya and Grahaganit.
Jyotpatti is the last chapter in Goladhyaya. Jyotpatti
consists of 25 Shloka (stanzas), all in Sanskrit

language.

It is a general impression that SS contains Zi/avati and

Beejganit also, but that is not so.

II. THE TEXT JYOTPATTI

Jyotpatti deals with trigonometry. This was a
milestone in developing geometry in India. /ya means
sine and Utapatti means creation.

Hence the name Jyotpatti ( jya + upapatti).

Jyva and Kojya( or kotijya) stand for the Rsine and

Rcosine ratios respectively.

The trigonometry developed by Bhaskara II is based
on a circle of radius R, and not on a right-angled

triangle as taught in the schools.
After defining J/ya, Kotijya and Utkrama (verse jya)

etc, Bhaskara obtains these ratios for the standards
angles of 30,45, 60, 36 and 28,(all in degrees) by
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inscribing a regular polygon in a circle of radius R.
Bhaskara called these angles as Panchajyaka.

Not only this, Bhaskara developed these results for
addition and subtraction of two angles. This was
further developed for the similar results for the

multiple angles.

Bhaskara compares jya and kotijya with the longitude
—latitude of earth and those with lateral threads of a
cloth.

III. SINE OF AN ANGLE

Consider the first six stanzas in Sanskrit

smargion gedl wgorT saET o g |
fafer faerermrsiad of st aRF (1M1

FEN[AAEEAT g S ss Hadifed 9 |
THEIATRT  Aqdddrd darae=megiasd |2 |

femafafiet ae=Fawron = g <otwEar R, |
oY aeuggasEReee waeref Moty dam 180

Frayrgeym 7 AT I wmeffh e uRegert
g iERve@a qd add @g e (11|

T Pifcearzd Prdomve sfeqaimeT=y |
A 'l A1sA 99T HarepAsaT g e (s |

g Tfrs a@ife= 9 wieanmmH, |
Bregraridag sraeiIT=TST wat (1611

The collective meaning of these stanzas is as follows:
“One who will acquire the knowledge of Jyotpatti,
will be of the rank acharya and will be an

astronomer’.
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“The graphical method of obtaining the sine values
of various angles can be studied by drawing the

desired circle of radius R”.

The jya of an arc of circle may be defined as the

length of half the chord of twice the arc”.

“The square of the radius is diminished by the square
of Rsineof an arc is equal to the kotijya (R cosine) of

the arc”.

“Half the radius is equal to the jya( Rsine) if arc is of
30 degrees”.
{This means Rsin0 = R / 2. This gives sin0 = 1/ 2}

“What is really the arrow between the bow and the
bowstring is known amongst the scholars as the

versed sine”.
Thus Bhaskaracharya proves that Jya 45° =R / V2
IV. SIDE OF A REGULAR POLYGON

Bharacharya obtains the side of a regular inscribed in

desired circle using the formula given in

Eregrpdiy e, B foataremas |

A Tasegard sefHmEm=T 17|

ooy, sa7g et frsfer agda 10000 e |
N AR deplcodT a8 1|

Preagdaraed Bt agden |
FEETEITATTT SiaT ST HaoaH, |19

HHIGHH=I TR A AR a2 T e &, |
PrgiehaeaT e o Yo Oyl TR 9 | e | |

“Radius multiplied by 5878 and divided by 10000 is
Rsine 36° and Rcosine of that is Rsine of 54”

This gives R sin36° =R x 5878 / 10000, or,
sin36°= 0.5878
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The formula for side of a regular polygon is
Sn = (D x Pn) / 120000,

where, Sn = the side of a regular polygon of n sides,
Pn = the coefficients 103923, 84853, 70534, 60000,
52055, 45922 and 41031 and

D = diameter of the circle.

In particular, when D = 120000, Sn = Pn.
Ss = (D x103923)/ 120000= D x 0 .8660,.

similarly, the other values are:

forn=3,

for n =4, S«= D x0.7071,
for n=5, Ss = D x0.5878,
for n=6, Se = D x 0.5000,
for n=7, S7= Dx0.4339,
for n=38, Ss = D x 03420,
for n=9, Se = D x 0.3826,

Using these results, Bhaskara gave a formula for

finding sine of an angle. Itis Sn =D x sin(m/ n), ,

Bhaskara obtains the values of sine of various angles

as:

sin(mt/3) = sin 60°
sin(1/4) = sin45°
sin(m/5) =sin 36° = 0.587783 approximately ,
sin(m/7) = sin (25.71)° = 0.437916 approximately ,
sin(m/8) = sin (22.5)° =0.382683 approximately,
sin(1/9) = sin 20°

=0.866025 approximately ,
=0.7071083 approximately ,

=0.341925 approximately , etc

The other values of sine of different angles can be
used by methods of numerical analysis.
Bhaskara has

methods to find the values of sine of an angle these

Interestingly, given six different
are given in shlok 11 to 20.

No other Indian or western mathematician has dealt

with these methods.
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V. ADDITION-SUBTRACTION THEOREMS
consider the stanzas,

AaaTRegEl= fasfesassd |
B aaNTd WeRmdaeT SredaT |21 ||

AR =197 T, ad e (T |
aeTaTe T RE sgraTaEer 1220

Collectively, they mean:

“The Rsines of any two arcs of a circle are
reciprocally multiplied by their Rcosines ; and their
product is dvided by the radius;

The sum of the quotient is equal the Rsine of the sum
of the two arcs and their difference is the Rsine of the

difference of the arcs”

Mathematically, it means:

Rjya (o = B) = jya(o) x kojya(B) + ko jya(a) x jya(p).

This amounts to

sin (o £ ) = sin(a) x cos(B) = cos(a) x sin(P).

Bhaskara gave two methods for the proof of this
result.

Bhaskara called these addition and subtraction
theorem of sine as Samas Bhavana and Antara

Bhavana respectively.

From the above formula, Bhaskara defined the results
for sin2a and sin3a and other values for multiple
angles.

V1. BHUJ-KOTI KARNYA NYAYA

This means that Bhaskara has given the proof of so

called Pythagoras theorem:

if x, y, and z form a right angled triangle, with z as

hypotenuse, then x? + y? = z?,
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here, x is ‘bhuja’ ,that is, base , 'koti’ means

perpendicular and karna is hypotenuse.
VII. TATKALIKA GATI

Bhaskara introduced an instantaneous method for
finding the relative motions of planets.He called this
method as 7atkalika Gati .

He states: If 0 and 0" are mean angles of a moving
planet at different instants from a fixed position, then

sin@' -sin®=(0"-06)cosH

This result suggests the definition of a differential do,

if we use

0' =0+ 80 . This gives,
sin (O + 60 ) -- sinB = 60 cos 0
Thatis, cos 0 =[sin (0 + 60 )—sin6] / &6

In reference of calculus, if 80 = 0, this result gives

the derivative of sin 0,

This suggests that Bhaskara knew the concept of
limiting value of 0 and consequently that of a

derivative in 12 th century,

Newton (1662—1726) and Leibnitz (1646—1716)
introduced the same concept in 17" century,that is,

500 years after Bhaskara..

Not in Jyotpatti, but in Goladhya (part of Bhaskara's
Sidhanta Shiromani) states the mode of derivation of
a formula for volume and surface area of a sphere by
slicing a sphere into number of parallel circular discs

and then their summation.

This suggests the concept of integration as a limit of

da sum.
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VIII. CONCLUSION

Jya and Kotijya (now sine and cosine) are defined on
a unit circle, and not by using a right-angled triangle,

as stated by Pythagoras.

The concept of a bow — bowstring — arrow, used by
Bhaskara in defining trigonometric ratios, is from
Bodhayan Geometry of period 800years BC. The
concept of Shulb Sutra is used defining jya and
Kotijya

1. These ratios are defined on the arc of the circle
of radius R subtending angle 0 at the center of
the circle.( and not angles directly.)

Initially, graphical methods are applied.

3. Tatkalika methods (instantaneous) introduced
for motion of planets.

4. Many results
Goladhyay. Without
Jyotpatti will be difficult to understand.

have been derived wusing

reading Goladhyaya,

5. Though Jyotpattiis a small text, it is a landmark

in development of ancient and medieval
trigonometry.

6. Bhaskara wrote Lilavati, Beej ganit, Goladhya
and Grahaganita. All text of mathematics in
Sanskrit language are written without using any

tools as available in modern days.
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